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Abstract. The quantum phase requires projective representations that are 
equivalent to the unitary representations of the central extension of the group. 
The Weyl-Heisenberg group is a central extension of the abelian translation 
group on extended phase space. Its automorphism group, that is the largest 
group preserving the Weyl-Heisenberg algebra, is the central extension of (es- 
sentially) the inhomogeneous symplectic group. Therefore, this inhomogeneous 
symplectic group is the largest group for which its projective representations 
define Heisenberg commutation relations that are preserved under all trans- 
formations of the representation acting on the Hilbert space. 

This leads us to define the Born orthogonal metric on extended phase space 
for relativistic concepts of time and causality. This is the only new physical 
postulate of the theory. The resulting homogeneous group is U{1,3). This 
defines the reciprocal relativity theory of noninertial states in which proper 
time is affected by noninertial motion and the inertial frame is relative. The 
quantum theory is given by the projective representations of the inhomoge- 
neous unitary group that may be determined from the Mackey nonabelian 
theorems. The limit is studied and in addition to the mass central generator 
of the Galilean inertial subgroup, there is a new central element with dimen- 
sions of reciprocal of tension. Like mass, this central element embodies energy 
and interacts through a Casimir operator that is the noninertial generalization 
of spin. It is a signature of the theory that is in the accessible regime and 
should be experimentally verifiable. 

1. Preamble: Special relativistic quantum mechanics 

"So if one asks what is the main feature of quantum mechanics, I feel inclined 
now to say that it is not noncommutative algebra. It is the existence of probability 
amplitudes which underlie all atomic processes. Now a probability amplitude is 
related to experiment but only partially. The square of the modulus is something 
that we can observe. That is the probability which the experimental people get. 
But besides that there is a phase, a number of modulus unity which we can modify 
without affecting the square of the modulus. And this phase is all important because 
it is the source of all interference phenomena but its physical significance is obscure." 
Dirac, 1972 [T] 

1.1. Projective representations of the inhomogeneous Lorentz group. Wigner 
has shown that special relativistic quantum mechanics can be understood as the 
projective representations of the inhomogeneous Lorentz group |2]. This is now the 
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mainstream approach as described in the special relativistic quantum mechanics 
chapter in Weinberg's Quantum Field Theory I [Sj. 

Physical states 4* are rays in a Hilbert space H. Rays are equivalence classes of 
states in H up to a phase 

\i;)~\^p)e^ iff |^) = e^-|V),|V'), IV-) eH (1) 

^{m^{M^)- (2) 

The extended inhomogeneous Lorentz group is 

JO{l,n) :^Z2,2®sIC{l,n) (3) 

with the inhomogeneous Lorentz group given by 

IC{l,n) C{l,n)(g}sA{n + l), (4) 

n = 3 is the physical case. £(1, n) is the proper Lorentz group that is the connected 
component of 0(1, n) where 0(1, n) ~ Z2.2 'E's n) and ^2^2 — 1i®'^2 is the 4 
element discrete parity, time- reversal group. A(n) is the abelian translation group 
that is the reals as a Lie group under addition, A(n) ~ (M", +). 

The inhomogeneous Lorentz group is a matrix group. F G TO(\, n) 



F(A,a) 



A a 
1 





/ 1 . 




A*77A = 77, a € R"+\ 77 = 


-1 . 


. 




y 


• -1 / 



(5) 



Projective representations of the inhomogeneous Lorentz group are required be- 
cause physical states are rays. Calculating the projective representations uses a 
cornerstone theorem: 

Theorem (Wigner, Bargmann, Mackey, Weinberg): A projective representation 
of a Lie group Q is equivalent to a unitary (or anti-unitary) representation of the 
central extension of the group Q [4], 0,(6], [3] 

Mackey has shown us how to compute the unitary representations of a general 
class of semidirect product groups [7J, [8j, [9] 

The central extension has an algebraic aspect and a topological aspect Q 

The algebraic extension is the Lie algebra that results from adding the maximal 
set of central generators (that commute with all other generators) to the original 
Lie algebra while continuing to satisfy the Jacobi identities 

X^] = cl^^X^ + Af,,/3, M„,/3] = 0, M^^p\ = 0. (6) 

These algebraic central generators generate a continuous subgroup of central ele- 
ments in the group corresponding to the centrally extended algebra. 

The central extension Q is the universal cover of the group corresponding to the 
central extension of the algebra. The central topological elements are a central 
discrete group D that is the fundamental group tti of the group ~ ^/D . 



This is equivalently defined as the second cohomology group of a certain short exact sequence. 
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It turns out that for the inhomogeneous Lorentz group, that we cannot add any 
algebraic central generators and so the central extension is just the cover [3j 

Vil, n) ~ XC(1, n) ~ Z(l, n) (g), Ain + 1), (7) 

and £(1,3) ~ 5£(2,C). V{l,n) is called the Poincare group and ^2,2 'X's ^(1,12) 
is the extended Poincare group. 

1.2. An aside: More on central extensions. Algebraic extensions occur in 
other cases. For example, in the nonrelativistic limit, the Lorentz group contracts to 
the inhomogeneous special orthogonal group through an Inonii-Wigner contraction 

m 

C{l,n) ^ £{n)^ISO{n)c^SO{n)(S,A{n) (8) 

c — >oo 

where A° e £{n) = lSO{n) is parameterized by velocity v and rotations 

A° = ^ J^, ReSO{n),v eR"-. (9) 

The inhomogeneous Lorentz group contracts as 

IC{l,n) I£{n) ^ISO{n)^sA{n + l). (10) 

c — *oo 

This group admits a central generator M that we identify with mass and the central 
extension is called the Galilei group, Qa{n) = J£(n)[TT]. 

From this we see that the central extension of a normal subgroup in a semi-direct 
product is constrained by the homogeneous group. This suggests we look at the 
abelian group by itself where there is no homogeneous group imposing a constraint. 

The central extension of the abelian group A{m) by itself is 

A/3] = + Afa,^, [A«, Mc^^f}] = 0, [M„,5, M„,/3] = 0. (11) 

The Jacobi identities are identically satisfied as each term is identically zero 

[[Xa,,Xp\ , M,,^] = 0, [[A„, M«,^] , Xp] = 0, etc. (12) 

and as the Lie bracket is skew symmetric, Ma^p = —Mp^a- Therefore the extension 
is dimensional (see section 12.3 of [12] . 

1.3. The Casimir invariants of the Poincare group. Returning to the com- 
ments on special relativistic quantum mechanics, the Casimir invariants are ele- 
ments of the enveloping algebra that are invariant under the action of the group 
and algebra, 

[A„,Ca]=0. (13) 
For n = 3, the inhomogeneous Lorentz group has two Casimir invariants that are 

C2 = P2 = v'^^^'PaPb, C4 = ri'^-^WaWb = P'^LlLl - 2PaP''L^,Ll (14) 

where 

Wa = eY'^U.cPd. (15) 

Hermitian representation (that are observables) of the algebra correspond to the 
unitary representation of the central extension of the group. As the Casimir's that 
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are polynomials of the algebra, they are also Hermitian operators in the representa- 
tion. The Hermitian representation of the Casimir invariants define the eigenvalue 
equations on the Hilbert space that are given in terms of mass and spin 

C2 IV^) = IV) = IV-) , C4\^) =m\2s + l)\ij) . meR,s = 0,i,l,.. 

(16) 

The simultaneous solution of these eigenvalue equations in the context of the 
Mackey unitary representations of the Poincare group and the Hermitian repre- 
sentations of its algebra lead directly to the Klein-Gordon, Dirac, Maxwell, and so 
forth wave equations. Note that to obtain the 4 component spinors of the par- 
ity and time-reversal invariant Dirac equation, the Mackey representations of the 
extended Poincare group (7) must be used. 

1.4. Where is the Weyl-Heisenberg group and algebra? This truly one of 
the most beautiful results in physics. From a basic matrix group and the observa- 
tion that physical states are rays in a Hilbert case, out tumbles special relativistic 
quantum mechanics. From the projective representations of the inhomogeneous 
Lorentz group that are equivalent to the unitary representations of the Poincare 
group that are, in turn, given by the Mackey theorems, we obtain: 

• the Hilbert space of inertial states over the mass shell 

• the unitary representation of the group that transforms between inertial 
states 

• the concepts of mass and spin as Casimir eigenvalues labeling the unitary 
irreducible representations 

• and the wave equations: Klein-Gordon, Dirac, Maxwell, .... 
Except for one thing where is the Weyl-Heisenberg group? 

One could say that the answer to "What makes quantum mechanics, quantum 
mechanics?" is the Heisenberg commutation relations 

\E,f]=-thi. (17) 

These are the Hermitian representation of the algebra of the unitary representation 
of the Weyl-Heisenberg group. This Hermitian representation in a configuration 
basis is 

d d 
{q,t\P,\iP) =lh^iP{q,t), {q,t\E\l^) = -lh-^{q,t). (18) 

This is outside of the projective representation of the inhomogeneous Lorentz group 
and has to be added in 'by hand' in the above derivation by Fourier transforming 
from the Hilbert space over the mass shell in energy momentum space to spacetime. 

2. The Weyl-Heisenberg group 

In this section, we put aside the Minkowski metric and the inhomogeneous 
Lorentz group and consider only the Weyl-Heisenberg group by itself. We will 
see what we can learn from the Weyl-Heisenberg group by itself. Then in the last 
third of the paper, we will investigate the consequences of putting this together 
with a orthogonal metric for a relativistic theory. 

The Weyl-Heisenberg group is a semidirect product group [13] 

H{n) 2:iA{n)(E)sA{n + l). (19) 
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It is a real matrix group, p, 9 G 
realization is [8l [HI 



( In 








' \ 





In 





p 






1 




\ 








1 / 



teM where the (2n + 2) x (2n + 2) matrix 



(20) 



The group product and inverse are given by matrix multiplication 

T{p', q', l')T{p, q, t) - Tip' + p, g' + , + + 1 [p'q - q'p)), (21) 

T-\p,q,L)=T-\-p,-q,-i) (22) 

and it immediately follows that T(0, g, l) e A{n + 1) is a normal abehan subgroup 
and T(p, 0,0) G A{n) is an abelian subgroup leading to the semidirect product 
structure. 

This is not the only semidirect product structure. One can show equally that 
T(p, 0, t) e A{n + 1) is a normal abelian subgroup and T(0, g, 0) G A{n) is an 
abehan subgroup leading also to a semidirect product structure. 

Differentiate to obtain the matrix algebra [14J 



Z ^q'P,+p'Q,^iI 



( 





(23) 



q 

p 

p* -g* 2t 

V / 

Then the matrix realization of the algebra generators follow directly. For n—\ 
these are 



P = 



/ 1 \ 


0-100 

\ / 



Q 



/ \ 

1 

10 

\ / 



This satisfies the Heisenberg algebra 
with {A, B\= AB ~ BA and 



/ \ 



2 ■ 

\ / 

(24) 
(25) 



= 1, 



[Xa,Xp] = Ca.pl, [Ca,p] 



(26) 



2.1. The Weyl-Heisenberg group central extension. The algebra may be 
written with {X^} = {P,, Q^} a,(3 ^1, ..2n |15] 

In 
-In 

This is a 1-parameter central extension of A{2n) that is the group of translations 
on phase space. Recall from (11) that the full dimensional central extension 

of A{2n) is 

[Xa,,Xi3]^ M^^fs, M^^!3 = -Mfi^^ (27) 

with the 1-parameter case Ma^fi = (0,(3! that is the Heisenberg algebra. It follows 
that the central extension of the Weyl-Heisenberg group also has the algebra given 
in (27). 
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Then, from the cornerstone theorem, unitary representations of the Weyl-Heisenberg 
group Ti.{n) are a particular projective representation of the abeUan translation 
group A{2n) on phase space. It is a particular projective representation as the 
Weyl-Heisenberg group is a one parameter algebraic central extension and not the 
most general n{2n— 1) dimensional algebraic central extension of the abelian group 
Ai2n). [ig. 

The projective representation, in a sense, is quantization. The phase of the rays 
in Hilbert space requires the projective representations that requires the central 
extension that results in the non-abelian Weyl-Heisenberg group. 

2.2. Unitary representations of the Weyl-Heisenberg group. The unitary 
representations result can be calculated from the Mackey theorems as the Weyl- 
Heisenberg group is a semidirect product group. This gives results equivalent to 
the Stone- von Neumann theorem [8].|16[ fT3]. 

The resulting Hilbert space is (R" , C) and the Hermitian representation of the 
algebra is the familiar 

{q\ A \^t) = ih-^Mq), {q\ Q^ \A) = q^M<l)■ (28) 

The unitary representations of the Weyl-Heisenberg group are not the most 
general projective representation of the abehan translation group. The Weyl- 
Heisenberg central extension is not maximal and it in turn is a larger central ex- 
tension given by (27). 

What is constraining us to consider only the one parameter central extension 
of the abelian translation group? As noted in Section 1.2, embedding the abelian 
group as a normal subgroup in a larger group with a homogeneous subgroup will 
constrain the central extension. For example, for the inhomogeneous Lorentz group, 
this constraint prevented any algebraic extension. In the case of the inhomogeneous 
Euclidean group, it resulted in the single mass generator. 

2.3. Consistency of a symmetry group with Heisenberg commutation re- 
lations. Consider a unitary operator U representing an element U G G where G 
is a symmetry or relativity group. The unitary operator transforms states of the 
Hilbert space of the representation, g H 

m^UW (29) 
and the Hermitian operators that realize the algebra transform as 

X' = UXU-\ (30) 
In particular, for the Weyl-Heisenberg group. 

Pi = um~\ Q[ - uQ^u-\ I' - uiu-^ = i. (31) 

Now, we want the Heisenberg commutation relations, that are the Hermitian 
representation of the algebra of the Weyl-Heisenberg group, to be preserved under 
the transformation so that the uncertainty principle is vaHd in all states in the 
Hilbert related by the unitary transformation U. This requires that 



Pi, Q'j ^ u[P,,Qj]u-^ = ihd^.jUiu-^ = ihd^ji. (32) 
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Otherwise, we would be able to transform to points in the Hilbert space where the 
Heisenberg commutation relations, and hence the quantum uncertainty principle, 
does not hold! 

As the representation is faithful, this is true if and only if the finite real matrix 
representation in (23) satisfies 

[P\,Q'^]^U[P,,Q.j\U-\ (33) 

This means that U is an element of the automorphism group of the Weyl-Heisenberg 
group and algebra. 

2.4. The Weyl-Heisenberg automorphism group. The Lie algebra automor- 
phism given above is equivalent to the group automorphism 

T{p',q',i')^UT{j>,q,L)U-\ (34) 

where T(p, q, t), T(p', g', l') e H{n). Expanding this out using (20) this is 



/ 1. 


P' 

V 



/t 



p 

1 



U 



I 1„ 


P' 

V 








9 
P 
2l 
1 



u- 



(35) 



Then a simple matrix multiplication calculation results in [13] 



U 



V 



5A 

ip' 




q 
p 
Sh i 
e 

2n 



(36) 



where A £ Sp{2n), z = {q,p\ G R^", t e M, (5 G M\{0} and e = ±1. 

An analysis of the matrix realization for U shows that these matrices are elements 
of a automorphism group that is given bjH 



(Z2 ® V) (g)s Sp{2n) (g), n{n) 



(37) 



The inhomogeneous symplectic group is a symmetry of the phase space in classical 
Hamilton mechanics 

ISp{2n) ~ Sp{2n) ®, A{2n). (38) 

A calculation shows that its central extension is 

ISp{2n) ~ Sp{2n) ®s U{n). (39) 

The symplectic group that is the homogenous subgroup of TSp{2n) that con- 
strains the central extension of the abelian group to be precisely the one parameter 
extension that defines the algebra of the Weyl-Heisenberg group (26) rather than 
the general central extension of the abehan algebra (27). 

The automorphism group is given by 

Aut-H(n) ^ (Z2 «) T)) (S)s ISp{2n). (40) 

By invoking the cornerstone theorem again, the projective representations of 
(Z2 (X)s lSp{2n) defines the representations and Hilbert space for the most 
general representations in which the position momentum Heisenberg commutation 
relations hold. 



The automorphism group must be maximally centrally extended as central elements identi- 
cally satisfy the automorphism condition. 
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2.5. The time-energy commutation relations. The time energy Heisenberg 
commutation relations are 



E,T 



-il. (41) 



These are simply two extra degrees of freedom as there is no orthogonal line 
element to give either energy or momentum unique or special properties. While it 
may appear that the sign is different, there is no structure to pick out a preferred 
ordering and the order of the bracket may be exchanged to give 

f , e] = ii. (42) 

Neither the symplectic group nor the Weyl-Heisenberg group have any concept 
of a signature. A signature is a concept that is introduced by a orthogonal hne 
element. Previous results can be extended to the space with position, time, energy 
and momentum degrees of freedom. 

The infinite group of diffeomorphisms with Jacobians in V ®s'ISp(2n + 2) is the 
function space that contains both relativistic and nonrelativistic dynamics [17] 

ISp{2n + 2) ~ Sp{2n + 2) ®, A{2n + 2). (43) 

The projective representations of (Z2 ® V) (g)s XiSp(2n) defines the rep- 
resentations and Hilbert space for the most general quantum mechanics 
in which the Heisenberg commutation relations holdjj 

These are the unitary representations of the central extension 

-4utH(n+i) ^TXg), ISp{2n + 2) ~ X> ®^ Sp{2n + 2) (g)^ n{n + 1). (44) 

The Mackey theorems show that these representations result in a Hilbert space 
i^(M"+^,C) so that the wave functions are functions of position and time tp{t,q) 
or any of the other commuting subsets of the Weyl-Heisenberg group such as 
ip{e, p) , ip{t, p)oTip{e, q) and not all the degrees of phase space together. 

Both the Poincare and GaHlei groups are subgroups of Aut-^i^n+i) ■ The Poincare 
and Galilei group are the transformations between inertial states and the represen- 
tations of the Weyl-Heisenberg group admit a much larger set of states. 

The Poincare and Galilei groups are not the most general relativity 
groups consistent with the Heisenberg commutation relations. 

3. Reciprocal relativity of noninertial states 

3.1. The relativistic line elements and groups. We started with a discussion 
of special relativistic quantum mechanics as the projective representations of the 
Inhomogeneous Lorentz group. We noted that it made no mention of the Weyl- 
Heisenberg group. In the last section, we put aside the Minkowski metric and 
the inhomogeneous Lorentz group and studied only the Wey-Heisenberg group. We 
found that the unitary representations for the Weyl-Heisenberg group are a partic- 
ular projective representation of the abelian translation group on phase space. This 
lead us to the automorphism group that is the central extension of the scaled in- 
homogeneous symplectic group. The inhomogeneous symplectic group also acts on 
extended phase space. The projective representations of this scaled inhomogeneous 
symplectic group is the largest group with projective representations in which the 



^One can always have a direct product of groups that act trivially on the Weyl-Heisenberg 
algebra as is the case for many internal symmetries 
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Heisenberg commutation relations hold at all points of the Hilbert space for all 
unitary operators that are representations of elements of the central extension of 
the group. The projective representations of the scaled inhomogeneous symplectic 
group are equivalent the unitary representations of the automorphism group of the 
Weyl-Heisenberg group that may be determined from the Mackey theorems. 

We now combine these two ideas by adding back the relativistic orthogonal line 
element and require that the relativity group be the subgroup of this automorphism 
group that leaves invariant the line element. The classical theory is on extended 
phase space and from the previous section, the homogeneous subgroup of the au- 
tomorphism group is 



V (g) Sp{2n + 2) 



(45) 



The homogeneous relativity group must be a subgroup of this group to be con- 
sistent with the Heisenberg commutation relations. 

The natural choice for proper time to first consider is the Minkowski metric 

dr^ = ria^bdx^dx^ = dt^ - \dq^ (46) 



that is now degenerate line element on extended phase space 



dr^ — fja^pdz^dz^ , fj = 



77 




(47) 



This degenerate on extended phase space just as Newtonian proper time line element 
is degenerate on spacetime. The Newtonian proper time is just time given by 

f I ... \ 
... 





dT°^ :^r]\ ,,dx''dx'' ^dt^, 
and also on extended phase space 



V = 



(48) 



\ / 



dr°' = vlpdz-dzJ', = ( ly (49) 

This suggests that we consider a nondegenerate orthogonal metric on the ex- 
tended phase space for which the Minkowski and Newtonian line elements are Hm- 
iting forms, just as the Newtonian element is a limit of the Minkowski metric on 
spacetime. This leads us to postulate the nondegenerate Born metric on extended 
phase space Q8j,Ll9j,L2Qj,[21J,[22j. 

ds^ = dt^ - ^dq^ + ^ (^^de^ - dp^^ ■ (50) 

From dimensional analysis, the constant b must have dimensions of force. We will 
show shortly that it can be taken to be one of the three fundamental dimensional 
scales along with c and h. 

The Born metric is the only new postulate in the theory described in this paper. 

The homogeneous group that leave the Born line elements invariant that is the 
subgroup 

n)~V® Sp{2n + 2) n 0(2, 2n) . 
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The group U{l,n) defines the transformation between all physical states in this 
theory, both inertial and noninertial. The transformation between inertial states 
is given by the extended Lorentz group that is a subgroup, 

0{l,n) cU{l,n). (51) 



3.2. Doesn't General Relativity address noninertial states. The first ques- 
tion that is asked when stating that these transformations address noninertial states 
is "Doesn't General Relativity address noninertial states" and therefore hasn't this 
question already been answered. Let us review carefully what general relativity 
does state. The equivalence principle of general relativity states that: 

A particle that is in an 'apparent' noninertial state due to the 'force' of gravity 
is actually in a locally inertial state on a curved space time 

This is the freely falling elevator being equivalent to the locally inertial frame on a 
curved spacetime. In a purely gravitating system, all particles follow geodesies that 
are locally inertial trajectories in this curved space-time. Neighboring clocks are 
related by the metric g^j.^v{x) that now depends on the location in space-time. The 
connection translates between neighboring locally inertial frames and the covariant 
derivative is relative to the locally inertial frame. This means is that there are no 
noninertial states, only locally inertial states. 

However, this does not address the noninertial state of a particle that is say an 
electron in a magnetic field or any of the other forces that are not gravity. There is 
no known way to geometrize the other three forces including this electromagnetic 
force example. We have tried for almost a 100 years but to date this has not been 
successful. This is also true if this noninertial state is also under the influence of 
gravity such as an electron in a magnetic field that is in a gravitational field. In this 
case, the gravitational field effects are geometrized and we are consequently on a 
curved space time. However, we still have the noninertial states of say, this electron 
in a magnetic field that cannot be geometrized. The electrodynamic equations are 
formulated relative to the locally inertial states on curved spacetime through the 
covariant derivative formalism. 

The question then is: 

How are the clocks of these noninertial states related? 

We have answered this question is special relativity for inertial states where the 
manifold is flat, M"+-'^ and also in general relativity for locally inertial states on a 
curved manifold. However, we have not answered if for a noninertial state, such as 
the electron in a magnetic fleld or any noninertial state due to a force other than 
gravity. 

This what reciprocal relativity addresses. 



3.3. Reciprocal relativity: Time dilation. The Born metric (50) may be 
written as 



= de{l-^v^-^P + ^T^) 



i^'^^ (52) 



where 



do^ dp^ dc 

velocity : = — — , force : /* = — — , power : r = — . (53) 
dt dt dt 
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This means that the time dilation formula that defines relative rate that the clocks 
tick depends on the relative noninertial motion of the state 

Clearly for the inertial state where / = 0, r = that this reduces to the usual 
expression from special relativity 

= ■ (55) 

The Born metric may be considered to be the sum of Minkowski proper time 
(47) and the differential of the mass line element on energy-momentum space 

ds^ = dr^ + j^dn^ (56) 

where dfi'^ is the differential of the mass that is the energy-momentum Hne element 

c^dfi^ = r]a bdp°-dp^ = \de^ - dp^. (57) 

Using the definitions of force and power in (53) and the definition of the mass line 
element d/j.'^ in (56) it follows that 

cYlf = - f (58) 
and therefore the time dilation may be written 



This means that the time dilation can be understood in terms of the rate at 
which the state is moving oflt the mass shell. At this point we are looking at the 
non-quantum theory that is a classical approximation and so there is the notion of 
a continuous transition of mass. However, in the quantum theory this is typically 
a quantized phenomena where the change of state is from one particle to another. 
We shall discuss this shortly. 

In special relativistic concepts of proper time rfr^ and the differential of mas rf/i^ 
are independent invariants. In fact, if we require both of these to be independently 
invariant, then the subgroup of I> (g) Sp{2n) that leaves them invariant is C{1, n). 
This is the inertial subgroup that constrains the state to the special relativistic 
mass shell. In the noninertial theory, these are combined to define the Born metric 
(56) and now special relativistic proper time dr is no longer an invariant of the 
theory. Proper time varies as the state moves off the mass shell 

3.4. Planck scales. We have noted that the constant b in the Born line element 
is a universal constant with the dimensions of force. Usually, we take {c, G, h} as 
the three dimensionally independent scales and define the Planck scales of time, 
length, momentum and energy {Aj, A^, Ap, Ag} as 
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A very straightforward calculations shows that these four Planck scales satisfy the 
identities 

T^=C=^, XqXp = h=XtXe, ^ = 77 = T^- (62) 
At Ap At Lr Aq 

4 

The first and third follow from the dimensions of Hamilton's equations, |t has 
the dimensions of force. The second follows dimensionally from the Heisenberg 
uncertainty relations. In fact, (62) can be solved as a system of equations to give 
the Planck scales in (61). 

These equations suggests that G in the third equation is a derived entity. Instead, 
we choose {c, b, h} as the dimensional scales with 

^=c=^, XqX, = h=X:Xe, ^ = b = ^ (63) 

At Ap At Aq 

and these may be solved to give the Planck scales 

fh ^ [he ^ [hh ^ rr-r- , N 

At = \\ — , Xq = \ — , Ap = \ — , Ae = Vnbc. (64) 
Voc Vo Vc 

4 

The gravitational coupling constant is then G = ccg^ where ao is a dimen- 
sionless gravitational coupling constant to be determined experimentally. As we 
know G, this sets the value of b. If qq = 1, then the Planck scales in (64) are 
numerically identical to (61) and this is then simply a notation change. 

The Born metric and the constant b are the only new postulates in this theory 
and aa is the only free parameter. Whether b is actually a fundamental dimensional 
scale and whether the Born line element is realized by nature is a matter of empirical 
verification, ac sets the scales at which the reciprocally relativistic effects manifest 
and it is probably somewhere between the weak interaction energy scale and the 
usual Planck energy given in (64). This gives ac a range of 10"^^ to 1. 

3.5. The null hypersurface. The null hypersurface defines essential properties 
of the relativistic theory. It is a fixed point surface so that if a particle state is on 
the null surface, classically it is not possible for it to leave the surface. For the 
usual special relativistic theory on space time, the null hypersurface is defined by 
the denominator of (54) having a value of zero 

= 1-^, (65) 

and so = ±c. This defines the null cones dq = ±cdt. At a point in the manifold 
M = these define the differential light cones on T*^ ^^M into the past and 

future regions dr^ > as well as the spacelike regimes c?t^ < and the null 
hypersurface dr = 0. 

The same is true for the noninertial Born metric where the null hypersurface is 
a three dimensional surface defined by 

y2 f2 ^2 
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The null cones are 

-^ + ir-dtHi + ^) (68) 

In the case n = 1, the extended phase space is 4 dimensional and the null hy- 
persurface is 3 dimensional. One can choose to plot the {dt, dq, dp} dimensions 
and to parameterize the {de} dimension. This results in elliptical null cones that 
flatten with increased r as the term on the right hand side of (68) becomes larger. 
These cones constrain both v = ^ and f = As in the case of special relativity, 
these cones define future and past ds^ > 0, spacelike regions ds^ and the null 
surface itself ds^ = 0. The usual notions of causality are extended to this space 
with the null hypersurfaces constraining the velocity for each of the regions. Again, 
the null hypersurface is a fixed point surface and therefore there is no way in the 
classical theory for states to move between the spacelike and timelike regions. Fur- 
thermore, states on the null hypersurface must remain on the hypersurface in the 
non-quantum approximation. These states are noninertial and so it is not just the 
rate of change of position, velocity that is constrained but also the rate of change 
of momentum, force, and the rate of change of energy, power through the relation 
(66). The inertial case (65) where velocity is constant, v — ±c is the slice through 
the dq — dt two dimensional plane. As states become noninertial and move off the 
inertial plane, velocity is no longer constant. Solving (67) for v yields 




±cV^"{^ + ^^ = ^'^^^ + -''^' • ^^^^ 

Again, for / = 0, r = 0, v = ±c but another point on the hypersurface is f — b, 
r — and v — or / = 0, r = 2bc and so v — ±2c. In fact, there are points on 
the null hypersurface for which c takes values from to ±00. 

This means that light constrained to be a state on the hypersurface that can 
have a velocity from to infinity. This range only occurs when it is interacting 
and probing noninertial regions of the hypersurface. When it is propagating in a 
noninteracting inertial state, the velocity is c. 

Interacting light in a a dielectric medium has a velocity less than c. This light 
has not left the null surface but rather due to the interactions noninertial regimes 
of the null hypersurface that are being probed. If it is possible to keep the power 
term zero, r — while interacting such that f = b, then the velocity on the 
hypersurface can he v = . This is the classical description of a regime that is 
intrinsically quantum. An analysis of the quantum description in the context of 
the recent light stopping experiments through interactions supercold atoms (that 
would keep the power term essentially zero) may yield interesting results [23]. 

The case v > c for light has not yet been amenable for laboratory experiment. 
Yet there is strong evidence that in the very early universe that this was the case 
during the infiationary epoch. During this time, fight was probing extreme nonin- 
ertial regimes of the null hypersurface for which r ^ be . 

3.6. Reciprocal relativity transformation equations. Observers that are in 
relative noninertial states measure different spacetime subspaces of extended phase 
space 

• Time, position, momentum and energy are 'mixed' by the unitary trans- 
forms 
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• Measurement of length, time, momentum, energy are relative to noninertial 
state 

• The incrtial rest frame is relative to the noninertial observer state 



The Born metric may be written in four notation as 

1 

^ (70) 



ds'^ = dr^ + ^c^d^j? 

= r]a,bdx°-dx^ + ^rja.bdp'^dp^. 



The transformation equations are given by 
dx- = A^dx' - ^M-dp" 

dp'' = Aldp^ + M^dx^. ^ ' 

This may be written as the equation dz" = V^dz^ with {^"} = {x°',p°'} where 

r(A,M)=(^ r5^^^giY(l,n). (72) 

The general elements r(A, M) are elements of the unitary group and the sub- 
group r(A.O) with M = is the Lorentz subgroup corresponding to the inertial 
transformations. 



dp" = A? dp'', 



(73) 



with 



r(A,0)= ( ^ I ) G (74) 



For the general case, the transformations mix spacetime and energy-momentum 
degrees of freedom. This is a direct result of the notion of simultaneity defined by 
the Born proper time line element depending on the noninertial state. Observers 
in different noninertial states see different spacetime subspaces of extended phase 
space. As a result, the inertial frame is relative to the noninertial state of the 
observer. 

This is completely analogous to the situation in special relativity. Here, the 
Minkowski metric results in an Einstein definition of simultaneity that depends on 
the inertial state of the observer. Observers in different inertial states see different 
time subspaces of spacetime. As a result, the rest frame is relative to the inertial 
state of the observer. 

These transformation equations may be written out with the time, position and 
energy momentum degrees exphcit. For n = 1, these are 

di = j{dt + ^dq + -^dp - pf^de), 
dq = j{dq + vdt + ^dp-^de), 

dp = ^{dp + fdt-^dq+^de), ^ ^ 

de = 7(de -|- vdp — fdq + rdt). 

with 7 = (1 - vVc' - /V&2+^2/j,2g2)-l/2^ 

This more general 7 is the reason for the tilda in (72) as A and M are normalized 
relative to the usual special relativity 7 = (1 — v"^ /(?) that is the special case 
f = r = and the tilda quantities are relative to the general 7 . 
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4. Reciprocally relativistic quantum mechanics 

4.1. Relativity implications of the quantum phase. The quantum theory 
is defined by the projective representations of the inhomogeneous unitary group 

IU{l,n) ^U{l,n)®sA{2n). (76) 
These are equivalent to the unitary representations of the quaplectic group 

Q(l, n) = n) = U{1, n) (g), n{n + 1). (77) 

This requires the full power of the nonabelian Mackey theorems to determine the 
unitary representations. The resulting Hilbert space of states is 1/^(M"+^, C (g) H). 
H is the Hilbert space for the unitary representations of ZY(1, n). The wave functions 
are functions of commuting subset of H{n + 1) and not the full phase space. One 
case is ij{t,q) with {t,q} G M"+-^ parameterizing an abehan subgroup A{n + 1) of 
the Weyl-Heisenberg group W(n + 1). Other cases are 1/1(6, p), i'{t,p) or ■i/;(e, q). 

The Hilbert space is over and not the n dimensional mass shell hypersurface 
as in the inhomogeneous Lorentz group. The 'mass shell' is statistically determined 
by the wave function, it is not a hypersurface. Furthermore, note that the special 
relativistic concept of mass is not invariant in this theory. 

The unitary representations of the group transforms between noninertial states. 
The Hermitian representations of the Casimir invariants result in the wave equations 
that are 'spinning relativistic oscillators' [Mj 

The quantum phase has lead us to phase space with the Born line element and 
projective representations of the inhomogeneous unitary group. 

4.2. The physical limits. The homogeneous relativity groups that leave the Born 
metric invariant and is a subgroup oiV® Sp{2n + 2) is the unitary group U{l,n). 
The Inonii-Wigner contractions relative to the dimensional scales b and c are 



Born Minkowski Newton 

b—^oo c— >-oo 

n) — > n) 1-La[n) 



(78) 



The line elements are defined in (50), (47) and (49). 

As b has the dimensions of force, the 6 — > cxa contraction is a limit of small forces 
relative to b. That is, the state has small interactions and so is nearly inertial 
relative to b. Then the c contraction is small velocities relative to c. The 
£a(l,rt) and the Hamilton group Ha{n) are defined by 

Ca{l,n) ^ C{l,n)(g)sAim), (»+!) (» + 2) ^ ^^^^ 



Ha{n) = SO{n) ®^ n{n). (80) 

These homogeneous groups act on the tangent and cotangent space of extended 
phase space. For the £a(l,n) group, the abelian subgroup A{m) has the physical 
interpretation as a power-force stress tensor [25jThe Weyl-Heisenberg group 7i(n) 
subgroup of the Hamilton group Ha{n) is parameterized by velocity, force and 
power that is the central element. This is discussed further shortly. We assert 
that these groups are relativity groups between noninertial states on extended phase 
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(81) 



space. Furthermore, these groups each contain as a subgroup a group transforming 
between inertial states. 

Born Minkowski Newton 

ds^ ^ dr^ ^ dt^ 

b^oo c^oo 

C{l,n) ~* C{l,n) £{n) 

b — >oo c — 'oo 

4.3. The limit b oo. In the Umit b cso, these equations contract to [25j 

di- = Kldx\ 

dp"" = Agd/ + M^dx^, ^ ' 

where the group elements become 

r°(A,M)= \ ^^Ca{n), (83) 

Again, the inertial case is 



dx" = A?dx^ 



(84) 



dp'' = A°d/, 
with 

r°(A,o) = \ ) e/:(i,n). (85) 

In these equations, M is physically interpreted as the power-force stress ten- 
sor that is symmetric in the sense that = r]a.c'ff'''^M^ and therefore has m = 
{n+i){n+2) jjjjjgpgjjjgjj^ components. This is the expected transform to a nonin- 
ertial frame in special relativistic quantum mechanics. In this limit, spacetime 
is again an invariant subspace of the extended phase space and consequently the 
inertial frame is again absolute, independent of the noninertial state. 

Projective representations of I£a(l, n) are unitary representations of X£a(l, n) = 
'Ca{l,n)(S>s'H{n + l) 

The unitary irreducible representations of X£a(l,n) contain the projective rep- 
resentations of X£(l,n). These are the representations that describe special rela- 
tivistic quantum mechanics. This is essential as in the region of interactions that 
are small relative to 6, special relativistic quantum mechanics must be the limiting 
theory. There are however other physical states that are noninertial that embody 
energy. Given that we only appear to see a subset of the mass an energy in the 
universe, this may be interesting to investigate further. Some additional insight 
to this is provided in the following section. 

4.4. Comment on quantum Hamilton group. The quantum Hamilton group 
corresponds to the Hmit where both 6, c ^ oo and so forces are small relative 
to b and velocities are small relative to c. The quantum theory is the projective 
representations of the inhomogeneous Hamilton group |15] , |26) 

Xna{n) ~na{n)(^sA{2n + 2). (86) 

These are the unitary representation of the central extension 

ina{n)'^'Ha{n)®s'H(n+l). (87) 

There are three central elements in the algebraic central extension: 
• / from the extension of A{2n + 2) to 7i(n + 1) 
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• M that is mass, the Galilei group is the inertial subgroup of this group 

• A that has dimensions of the reciprocal of tension. What is this? 

A interacts through a non-inertial generalization to usual 'nonrelativistic' spin. It 
is a reciprocal mass that embodies energy Ah^ just as mass embodies energy Mc^ 
|26| In the full reciprocal relativistic theory they combine into an oscillation. 

This is a definitive prediction of the theory; it is in the 'nonrelativistic' domain 
and is a 'residue' of the full theory. It should be possible to detect A using the 
above spin interaction. 

5. A 'Missed opportunity' theorem of Hamilton's equations 

The classical case corresponds to the limit with both 6, c ^ oo and Q. 

Dyson speaks of "missed opportunities" in his 1972 Gibbs lecture [27]. These 
are simple mathematical theorems that are obvious when a new physical theory are 
understood that in retrospect are puzzling why they were missed. An example is 
that Maxwell' s equations are covariant under the Lorentz group, not the Euclidean 
group. The following theorem fits his description [28]. 

Theorem: Let P ~ ]R^"+^ be extended phase space with a symplectic 2-form 
uj = —de A dt + dpi A dq^ and degenerate line element 7° = dt^. 

Then, a diffeomorphism tp onF leaving invariant the symplectic 2-form and line 
element 



if LO = UJ,ip 7 



7 



is Hamilton's equations and these have a Ti.Sp{2n) ~ Sp{2n) ®s 'H{n) symmetry. 

Proof sketch: The Jacobian of the transformations must be elements of the 
group preserving the symplectic metric and line element. 

The symplectic 2-form is invariant under the symplectic group Sp{2n + 2) and 
the degenerate line element under the affine group IQC{2n + 1,R). The group for 
the invariance of both is 

nSp{2n) ~ Sp{2n + 2)nig£{2n + 1,]R). (89) 

Hamilton's equations follows directly from Jacobian [|^] = F e HSp{2n). 

We will sketch this with F e H{n) for simplicity with the full proof in the 
reference [28l 
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Terms where the partial derivatives are zero reduce functional dependence of trans- 
formations to 



ipq{p,q,e,t) = ipq{q,t) 



e = ipe{p,q,e,t) = e + H{p,q,t), p ^ (pp{p, q, e,t) ^ ip{p,t) ^p + ipp{t). 

(91) 



resulting in Hamilton's equations 

d'Pqit) dH{p,q,t) 



dt 



dp 



difipit) ^ ^ dH{p,q,t) dH{p,q,t) ^ 



dt 



dq 
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(92) 

5.1. Classical relativity of noninertial states. The Hamilton group is defined 
by requiring coordinates in which the length dq^ is invariant in the inertial rest 
frame □ 

Hain) ~ SO{n) (S, n{n) C HSpin) (93) 

Consider the transformations dz — T{R, /, v, r)dz with r(i?, /, v, r) e 7ia(n). The 
group elements with f,r^O transform to a neighboring noninertial state. 

dt — dt, 

dq = Rdq + vdt, 

dp = Rdp + fdt, ' 
de ~ de + vdp — fdq + rdt. 

These are the group of classical relativity transformations for noninertial states. 
The inertial transformation / = ?' = is dz = r(0, v, 0)dz with r(0, v, 0) G £{n) 

dt = dt, 

dq = Rdq + vdt, , , 

dp = Rdp, ^ ' 

de ~ de + vdp. 

The Euclidean group £{n) given in (8) is the inertial subgroup of the Hamilton 
group 8{n) C Ha{n). 

6. Concluding remarks 

This paper has explored the relativity impHcations of the quantum phase. It 
required us to consider projective representations that are equivalent to the unitary 
representations of the central extension. This establishes the equivalence of the 
unitary representations of the Weyl-Heisenberg group with a particular projective 
representation of the abelian translation group on extended phase space. This leads 
to the projective representations of the scaled inhomogeneous symplectic group as 
the largest representation in which the Heisenberg commutation relations are valid 
at all states in the Hilbert space under the action of the unitary representations of 
the central extension of the group. 

Requiring relativistic concepts of time and simultaneity through an orthogonal 
line element leads to the Born metric on extended phase space with the fundamen- 
tal scale constant b. The quantum theory is the projective representation of the 
inhomogeneous unitary group. The limits yield special relativistic quantum me- 
chanics in the 6 — > oo and quantum Hamiltonian mechanics in the limit c, 6 — > oo. 
The full limit with H ^ yields a new derivation of Hamilton' s equations. These 
are relativity implications of the quantum phase. 

I would Hke to thank Professor C. DeWitt for comments that have greatly im- 
proved this work and for the invitation to present it at the relativity seminar at 
the University of Texas at Austin. I am grateful to Professor Peter Jarvis at the 
University of Tasmania for correspondence over more than five years that greatly 
facilitated the development of these ideas. 

^This is also true in special relativity on spacetime.The Newton time line element dt^ is in- 
variant under the afBne group IGC{n,M.). Requiring invariance of dq^ in the rest frame results in 
the relativity group £{n) given in (7) 
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